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Beyond Uniformity and Independence : Analysis of R-trees Usingthe Concept of Fractal DimensionChristos Faloutsos and Ibrahim KamelDepartment of Computer Science andInstitute for Systems Research (ISR)Univ. of Maryland at College ParkFebruary 24, 1994AbstractWe propose the concept of fractal dimension of a set of points, in order to quantify thedeviation from the uniformity distribution. Using measurements on real data sets (road inter-sections of U.S. counties, star coordinates from NASA's Infrared-Ultraviolet Explorer etc.) weprovide evidence that real data indeed are skewed, and, moreover, we show that they behave asmathematical fractals, with a measurable, non-integer fractal dimension.Armed with this tool, we then show its practical use in predicting the performance of spatialaccess methods, and specically of the R-trees. We provide the rst analysis of R-trees forskewed distributions of points: We develop a formula that estimates the number of disk accessesfor range queries, given only the fractal dimension of the point set, and its count. Experimentson real data sets show that the formula is very accurate: the relative error is usually below 5%,and it rarely exceeds 10%.We believe that the fractal dimension will help replace the uniformity and independenceassumptions, allowing more accurate analysis for any spatial access method, as well as betterestimates for query optimization on multi-attribute queries.1 IntroductionIn this work we study the distribution of real datasets with D-dimensional points. Sets of multi-dimensional points appear in several database applications: records in relational DBMSs can beThis research was partially funded by the National Science Foundation under Grants IRI-9205273 and IRI-8958546(PYI), with matching funds from EMPRESS Software Inc. and Thinking Machines Inc.1


























































0.00 5.00 10.00 15.00 20.00 25.00 30.00(a) (b) (c)Figure 1: (a) WORLD dataset (b) WORLD dataset - log-log scale (c) Cross-roads of MontgomeryCounty of MarylandIn conclusion, we need a way to describe distributions of real multi-dimensional points. Theproblem we want to solve is the following:GIVEN real distributions of multi-dimensional pointsFIND a way to characterize their deviation from uniformityTO PREDICT the search performance of a spatial access method (SAM).The description should allow us to analyze several types of queries, such as 'range' queries, 'nearestneighbor' queries, 'spatial joins' etc. In this paper we focus on range queries.For the above problem, we propose the concept of fractal dimension as the solution. We showthat several real distributions indeed exhibit fractal behavior, that is, they are self-similar: portionsof the point-set are statistically similar to the whole set (see Figure 3 for an example). We describehow to compute the fractal dimension of a set of points, and then we show how to use it to predictthe performance of spatial access methods that store this point-set. Specically, we examine theR-trees and provide the rst known analysis for them, for real distributions.The paper is organized as follows: Section 2 provides the background information aboutR-trees. Section 3 gives the denition of the fractal dimension, along with examples from realdata. Section 4 presents the analysis. Section 5 gives the experimental results and Section 6 liststhe conclusions. 3














3Figure 2: Data (dark rectangles) organized in an R-tree with fanout=3Subsequent work on R-trees includes the packed- [19] and Hilbert-packed R-trees [12], theR+-tree [23], R-trees using Minimum Bounding Polygons [11] and the R-tree [4]. The latter seemsto give the best search times, mainly thanks to the idea of deferring the splits by 'force-reinserting'some of the entries of the overowing nodes.The last part in this section is a summary of previous attempts to analyze the R-trees. In [6]we assumed that the points are uniformly distributed in the address space. Recently, we providedformulas [12] that assume that the R-tree has been built and that we can measure the MBR ofeach node of the R-tree. The results are as follows. Consider the n-th node of the tree, and let itsMBR be x1;n  : : : xD;n. We denote it compactly as:~xn = (x1;n; : : : ; xD;n) (1)4


















































(b) (c)Figure 3: (a)Three steps in generating sierpinski triangle (b) 5000 points forming Sierpinski triangle(c) The slope of the solid line gives the fractal dimension of Sierpinski triangle  1.59dened as the embedding dimension.The fractal dimension d, (or, more accurately, the box-counting fractal dimension) is denedas follows [22]: Divide the D-dimensional space into (hyper-)cubic grid cells of side r. Let N(r)denote the number of cells that are penetrated by the fractal (i.e., contain 1 or more points of it).Then the (box-counting) fractal dimension d of a fractal is dened asd  limr!0 logN(r)log(1=r) (4)This denition is useful for mathematical fractals, that consist of innite number of points.For a nite sample of points that belong to a fractal, we use the boxcount-side plot to estimate thefractal dimension. By boxcount-side plot we mean the plot of log(N(r)) vs log(r). Its usefulnesslies in the fact that, if the point-set is self-similar, the plot is almost a straight line. Moreover, theslope of the line is the (negated) fractal dimension of the point-set. This is the standard way tomeasure the fractal dimension for real point-sets [22]:Denition 1 For a point-set that has the self-similarity property, its fractal dimension d is mea-sured as d =   @ log(N(r))@ log(r) = constant (5)6
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(1,0)Figure 4: Computing the fractal dimension of a line segmentExample 1: Figure 4 illustrates the method when the object is the diagonal line segment (0,0)-(1,1). Figure 4(a) shows that the line segment penetrates 4 boxes of side r = 1=4, and Figure 4(b)shows it penetrating 8 boxes of side r = 1=8. Thus, we haveN(r) = (1=r) = (1=r)1 r  1 (7)and, therefore, d =  @ log((1=r)1)@ log(r) = 1 (8)which is intuitively expected, since a line segment is a 1-dimensional object.The fact that the fractal dimension of a line segment reduces to its Euclidean dimension isnot a coincidence: Notice that Euclidean objects, like lines, circles, planes etc. trivially fulll theself-similarity requirement: for example, a part of a line segment is a miniature replica of the wholesegment. Based on the above, we have [13]:Observation 1 For Euclidean objects, their fractal dimension reduces to their Euclidean dimen-sion.Thus, lines, line segments, circles, and all the standard curves have d=1; planes, disks and standardsurfaces have d=2; euclidian volumes in D-dimensional space have d = D.7

















































































(c) IUE - slope = -1.69 (d) WORLD - slope = -0.54Figure 5: 'boxcount-side' plots for real datasets (solid lines); slopes -1 and -2 (dotted lines)Observation 3 A set of D-dimensional points with attributes that obey the 'uniformity' and 'in-dependence' assumptions has fractal dimension equal to the number of attributes:d = D (9)This is justied, because the points cover the whole space, forming practically a D-dimensionalsolid. Thus, a data set with 'uniform' and 'independent' attributes can be trivially modeled as afractal, with fractal dimension d = D.4 Analysis of R-treesIn the previous section, we claimed that real datasets will obey Eq. 6:N(r) = Krd9
Name Description number of points dMGCounty road intersections, Montgomery Cty, MD 79,438 1.67LBCounty road intersections, Long Beach Cty, CA 68,849 1.70IUE star coordinates (NASA's Infrared-Ultraviolet Explorer) 11,281 1.69WORLD population vs. area of all countries - World Almanac 181 0.542D-UNIFORM uniformly dist. points on a plane - synthetic 50,000 1.98SIERPINSKI points on Sierpinski triangle - synthetic 50,000 1.591D-UNIFORM uniformly dist. points on a line - synthetic 50,000 0.99Table 1: Datasets usedwhere K is a constant. Assuming that the address space is normalized to the unit (hyper)-cube,we have that K = 1, or equivalently N(r) = 1rd (10)where d is the (box counting) fractal dimension of the dataset. In this section we want to derivea formula to predict the number of disk accesses for range queries, when these points are storedin an R-tree. First we estimate the number of leaf nodes only; then we extend the analysis for alllevels of the R-tree. We dene the eective capacity Ceff of the nodes of the R-tree as the averagenumber of entries per node: Ceff = C  u (11)where u is the average node utilization (typically, 70% for the R*-trees).Thus the problem is as follows:Given: N : the number of points in D-dimensional spaced: their fractal dimensionCeff : the eective capacity of the nodesFind: the expected size ~s = (s1; s2; : : : ; sD) of the MBRs for the leaf nodes. That is, the averageMBR will be a hyper-rectangle of size s1  s2  : : : sDOnce we have estimated ~s, we can immediately use Eq. 3 to calculate the expected numberof leaf accesses for any given query ~q. The number of leaf nodes isNl = N=Ceff (12)We make the following (optimistic) assumption:10
Assumption A1: The algorithms of the R-tree are 'good', in the sense that they will result intight, square-like MBRs, roughly of the same size. That iss1 = s2 = : : : = sD   (13)From this assumption we expect that the MBRs of the leaf nodes will be roughly similar,square-like hyper-rectangles of side . Notice that this setting resembles very much the setting ofthe denition of the fractal dimension: We have Nl boxes of side , that cover all the points of thedataset. Assuming that the address space is normalized to the unit D-dimensional cube, we canuse Eq. 10 as follows: Nl = 1=d (14)N=Ceff = 1=d (15) = (CeffN )1=d (16)Combining Eq. 3 with the above equation, we can estimate the number of leaf accesses P (~q)for a query ~q: P (~q) = Xall leaf nodes DYi=1( + qi) (17)or P (~q) = NCeff DYi=1( + qi) (18)We have just shown how to estimate the node accesses at the leaf level. The analysis canbe similarly extended to any level of the R-tree. Assuming that the average fanout is Ceff atevery level, we can estimate the number of nodes Nj at each level j, as well as the side j of the(D-dimensional cubic) MBRs. The nal formula for the total number of nodes accessed Pall(~q) isgiven by adding the node accesses at each level. ThusPall(~q) = h 1Xj=0 NCeffh j DYi=1(j + qi) (19)where h is the height of the tree (the root is assumed at level j = 0 and the leaves at level j = h 1);and j given by: j = (Ceffh jN )1=d j = 0; : : : ; h  1 (20)11
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0.00 100.00 200.00 300.00 400.00 500.00(e) SIERPINSKI - Leaf accesses vs. query side (f) MGCounty - total node accesses vs. query sideFigure 6: Real response time vs. analytical for dierent query sizes13
the graphs is that the analytical estimate is very close the actual result: the relative error is usuallybelow 5% and rarely above 10%.The second set of experiments test the accuracy of Eq. 19, which computes the number ofnode accesses at all levels. This will translate to the actual number of disk accesses, in case thatall the levels of the tree reside on disk. The results were similar for all the datasets. For brevity,we present only the experiments with the MGCounty dataset, in Figure 6(f). Again, our analysisgives accurate predictions, with relative error usually below 7% and rarely above 12%.6 Discussion - ConclusionsThere are two contributions in this work. The major one is the proposal to use the fractal dimen-sion to quantify the skewness of real point sets. Up to now, the 'uniformity' and 'independence'assumptions have been (rightly) challenged; however no satisfactory multi-dimensional distributionmodels have been proposed to replace them. We showed that the fractal dimension provides anexcellent measure of the deviation from the above assumptions.The fractal dimension has several desirable characteristics: it constitutes a simple way to describe the non-uniformity of the data set, using just a singlenumber. it is applicable to real point-sets, as our experiments showed. it includes the uniform distribution as a special case (d = D). it is based on a well developed theory [13, 22]In addition to the above theoretically pleasing properties, we showed that the fractal di-mension has practical applications in the performance analysis of spatial access methods on realdatasets. Using it, we provided the rst analysis of R-trees on real data; the resulting formula issimple, and, as showed experimentally, it is very accurate, usually within 5% of the experimentalresults. This is the second contribution of this work: Despite the fact that R-trees are known foralmost a decade, there has been only one attempt for their analysis [6]; even that one used the uni-formity assumption, pressumably leading to pessimistic estimates. The current analysis superseedsthe old one, since, according to (Observation 3), the uniform case is just a special case of a fractaldistribution.We believe that the fractal dimension will become a powerful modeling tool for multi-variatedistributions in relational and spatial databases. Future work could examine its potential applica-tions, such as: 14
 Analysis of other spatial access methods, such as quadtrees/octrees, grid les etc. For ex-ample, in [3] we stored the 3-dimensional MRI-scans of human brains using an oct-tree de-composition; we observed that the number of octants required to cover the surface of humanbrains increased exponentially with the resolution, with an exponent of 2.6 (close to the frac-tal dimension 2.7 of mammal brains [13],p.113). Thus, knowledge of the fractal dimension ofa surface (or set of points, in general), is useful in the prediction of the storage requirementsfor the resulting quadtrees/octrees. Query optimization, for multi-attribute queries and for geometric/geographic databases. Forexample, Eq. 18 can be used to predict the selectivity of a range query (number of qualifyingpoints) by setting the leaf capacity C=1. Generation of synthetic but realistic data, to study the performance of spatial access meth-ods: instead of generating points that follow the uniform distribution, or gaussian or someother ad-hoc distribution, we propose to generate points that have the desirable fractal di-mension. Methods to generate point-sets with a given fractal dimension are described, eg.,in [13](chapter 32), using the so-called `Levy 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